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© Complete classification of symmetric sets of r-choice function without
the Arrow property
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Arrow's impossibility theorem

Arrow’s impossibility theorem
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Arrow's impossibility theorem. Notation

e A — a non-empty (finite) set (of alternatives);

@ n — a natural number (of voters), n > 1;

o (individual) preferences = (strict) linear order on A;

@ Ord(A) — the set of all (strict) linear orders on A;

@ profile = n-tuple of linear orders on A;

o (universal) aggregation rule = function f : (Ord(A))" — Ord(A).
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Arrow's impossibility theorem. Definitions

Definition
An aggregation rule f : (Ord(A))" — Ord(A) satisfies

4
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Arrow's impossibility theorem. Definitions

Definition
An aggregation rule f : (Ord(A))" — Ord(A) satisfies
U (unanimity) iff

(Va,be A)((Vi<n)a <;b) = af(m)b

for any profile m = (<o, <1, ..., <n—1) in (Ord(A))";

4
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Arrow's impossibility theorem. Definitions

Definition
An aggregation rule f : (Ord(A))" — Ord(A) satisfies
U (unanimity) iff

(Va,be A)((Vi<n)a <;b) = af(m)b

for any profile m = (<o, <1, ..., <n—1) in (Ord(A))";

ITA (independence of irrelevant alternatives) iff
(Va,be A) (Vi <n)a <;b<>a=<;b) = (af(m)b<> af(r')b)

for all profiles m = (<¢, <1, ..., <n-1), ™ = (<0, <1, -, <h_1)
in (Ord(A))".

4
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Arrow's impossibility theorem

Arrow'’s impossibility theorem

An aggregation rule f : (Ord(A))"™ — Ord(A) satisfies

D (dictatorchip) iff f is a projection, i.e. there is i < n such that
for all m = (<o, <1,...,<n_1) € (Ord(A))"

f(m) == .

Theorem (K. Arrow, 1950,1963)

For any natural number n > 1, finite set A of cardinality |A| > 3, and

aggregation rule f : (Ord(A))* — Ord(A) if f satisfies U and 1IA
then f satisfies D.

v
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Arrow's impossibility theorem

Arrow's impossibility theorem in terms of choice
functions. Notation and definitions

e A — a (finite) set (of alternatives);
o [A?={BC A:|B|=2};
@ 2-choice function on A - function ¢ : [A]> — A satisfying

(Vp € [A]) e(p) € p.

Definition
A 2-choice function ¢ on A is rational iff there is a (strict) linear order <

on A such that ¢(p) = max. p for all p € [A]?, e

c({a, b)) =ba<b

for all different a,b € A.

v
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Arrow's impossibility theorem

Arrow's impossibility theorem in terms of choice
functions. Notation and definitions

e (individual) preferences = rational 2-choice function on A;

@ NRy(A) — the set of all rational 2-choice functions on A;

@ n — a natural number (of voters);

@ profile = n-tuple of rational 2-choice functions on A;

o (universal) aggregation rule = function f: (Ry(A4))" — Ry (A).

Note

The function © that assigns to each strict linear order < the rational
2-choice function max_ is a bijection between Ord(A) and Ro(A).
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Arrow's impossibility theorem

Arrow's impossibility theorem in terms of choice
functions. Notation and definitions

Definition
An aggregation rule f : (Ra(A))" — Ro(A) satisfies
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Arrow's impossibility theorem in terms of choice
functions. Notation and definitions

Definition
An aggregation rule f : (Ra(A))" — Ro(A) satisfies
U (unanimity) iff

(Vp € [A]") (Wb € p) (Vi <n)e(p) =b) — f(m)(p) =b

for any profile m = (¢co, ¢1,...,¢h—1) in (Ro(A))";
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Arrow's impossibility theorem

Arrow's impossibility theorem in terms of choice
functions. Notation and definitions

Definition
An aggregation rule f : (Ra(A))" — Ro(A) satisfies
U (unanimity) iff
(Vp € [A]") (Wb € p) (Vi <n)e(p) =b) — f(m)(p) =b

for any profile m = (¢co, ¢1,...,¢h—1) in (Ro(A))";

ITA (independence of irrelevant alternatives) iff

(Vp € [AP)((Vi < n) ci(p) = ¢i(p)) = f(m)(p) = f(=)(p)

for all profiles m™= (co,c1,...,¢-1), 7T = (¢, ¢}, .., ¢
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Arrow's impossibility theorem

Arrow's impossibility theorem in terms of choice
functions. Notation and definitions

Note

A function f : (Ra(A))" — Ro(A) satisties TTIA iff for all p € [A)?
there is a function f, : p" — p such that

f(Co, Clyevvy cn—l)(p) = fp(co(p)v cl(p)v SRR cn—l(p))

for all p € [A]? and ¢g,¢c1,. .., 1 € Ra(A).
A function f: (Ra(A))" — Ra(A) f satisfies IIA and U iff there is a

~

conservative function f : A™ — A such that

~

f(Co, Clye ey Cn—l)(p) - (CO(p)v cl(p)v SRR cn—l(p))'

for all p € [A]? and ¢g,¢1,. .., 1 € Ra(A).
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Conservative functions

Definition
A function g : A™ — A is conservative iff

Vo, 1, ..., 0p 1 € A) \/(g(:no,a:l, e Tpl) = ).

i<n
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Arrow's impossibility theorem

Arrow's impossibility theorem in terms of choice
functions

An aggregation rule f : (Ord(A))" — Ord(A) satisfies

D iff f is a projection, i.e. there is i < n such that for all 7 =
<c07 ST Cn_l) € (mQ(A>>n

f(m) =«

Theorem

For any natural number n > 1, finite set A of cardinality |A| > 3,

and aggregation rule f : (R2(A))" — Ra(A) if f satisfies U and 11A
then f satisfies D.

4
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Shelah’s extension

Shelah’s extension
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Shelah's extension. Notation and definitions

e A — a non-empty (finite) set (of alternatives);

@ 7 — a natural number (technical parameter), r > 1;

o [A"'={BCA:|B|=r};

e r-choice function on A — function ¢ : [A]" — A satisfying

(Vp € [A]") e(p) € p.

@ ¢, (A) — the set of all r-choice function on A;
Definition
A set ® C €.(A) is symmetric if for any function ¢ € © and
permutation o € Sy the function ¢, defined by

(Vp € [A]") ¢o(p) = 0 "c(op),

belongs to ©.

.
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Shelah’s extension

Symmetric sets of r-choice functions

Exemples
@ The set Ry(A).

@ The set of all function ¢ € €.(A) such that ¢(p) is the median
element in p according to some ordering (r is odd).

o Theset{ce €y(A): (Fxe A)(Vy € A\ {z}) c({z,y}) = x}.
@ Let < be a strict partial order on A and €*(A) a set of all
functions ¢ € €.(A) such that c¢(p) is some non-dominated

element of p, i.e.
(Vz € p)e(p) A .

Let W be a set of strict partial order on A closed under

isomorphisms. The set |J C(A) is symmetric.
<EW

v

" . — B . Mathematical methods of decision analysi:
AV oL E TG (T ETTE IR VLIS AL On the clonal approach in the mathematic / 53




Shelah's extension. Notation and definitions

(individual) preferences = r-choice function on A4;

n — a natural number (of voters), n > 1;

profile = n-tuple of r-choice functions on A;

aggregation rule = function f : (€,.(A))" — €,.(A);

V(A,r) — the set of all aggregation rules (of all arity n > 1).
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Shelah's extension. Notation and definitions

Definition
An n-ary aggregation rule f € V(A,r) is normal iff

(i) f(co,c1,---senm1)(q) € {co(q), c1(q), .-, en-1(q)}
for all co,¢q,..., ¢ 1 € €.(A) and q € [A]";
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Shelah's extension. Notation and definitions

Definition
An n-ary aggregation rule f € V(A,r) is normal iff
(i) f(eo 1, enm1)(q) € {eo(q), c1(q), - cn1(q)}
for all co,c1,..., ¢, 1 € €. (A) anqu [ "
(i) (co(a), e1(a), - - -, en-1(q)) = (c5(q), €1(q). - - -, €1(q)) =

f(C(), Clye vy Cn—l)(Q) - f<C07 Cla ceey cgz 1)(Q>
for all ¢g,c1,. .., Ch1,¢0, ¢, ... ¢, € C(A) and q € [A]".

n—
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Shelah's extension. Notation and definitions

Definition
An n-ary aggregation rule f € V(A,r) is normal iff
(i) fleo 1,y en1)(q) € {eo(q), ca(q), -, ena(q)}
for all co,c1,...,chn1 € €.(A) anqu [ 1"
(it) (co(a),c1(q), - en1(q)) = (c(q), c1(q), - -, 1 (q)) =

f(C(), Clye vy Cn—l)(Q) - f<c07 Cla ceey cgz 1)(Q>
for all ¢g,c1,. .., Ch1,¢0, ¢, ... ¢, € C(A) and q € [A]".

n—

o N(A,r) — the set of all normal aggregation rules in V(A,r).
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Shelah's extension. Notation and definitions

Definition
An n-ary aggregation rule f € V(A,r) is simple iff

(co(p); €1(p), - - -+ enm1(p)) = (¢0(q), c1(q), - - -, en—1(q)) —
f(Co, Clyevy Cnfl)(p) = f(Co, Clyvovs cnfl)(q)
for all co,¢q,...,¢, 1 € €.(A) and p,q € [A]".
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Shelah’s extension

Shelah's extension. Notation and definitions

Definition
An n-ary aggregation rule f € V(A,r) is simple iff
(co(p), c1(p), - -+ en-1(p)) = (c0(q), €1(q), - - ena(q)) —

fleo, ety en1)(p) = fleo, 1,y €nm1)(q)
for all co,¢q,...,¢, 1 € €.(A) and p,q € [A]".

@ S(A,r) — the set of all simple aggregation rules in V(A,r).
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Shelah’s extension

Shelah's extension. Notation and definitions

Definition

An n-ary aggregation rule f € V(A,r) is a dictatorship iff it is a
projection, i.e. iff there is i < n such that f(co,c1,...,¢, 1) = ¢; for
all ¢, c1,...,¢,-1 € €.(A)
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Shelah’s extension

Shelah's extension. Notation and definitions

Definition

An n-ary aggregation rule f € V(A,r) is a dictatorship iff it is a
projection, i.e. iff there is i < n such that f(co,c1,...,¢, 1) = ¢; for
all ¢, c1,...,¢,-1 € €.(A)

o £(A,r) — the set of all dictatorships in V(A, ).
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Shelah's extension. Notation and definitions

Note

An n-ary function f € V(A,r) is normal iff for all p € [A]* there is a
conservative function f, : p" — p such that

f(C(), Clyevny Cn—l)(p) = fp(co(p)a Cl(p>’ SRR Cn—l(p))

for all p € [A)* and ¢o, ¢y, ..., ¢ 1 € €. (A).
An n-ary function f : (Ra(A))" — Re(A) f is normal and simple iff
there is a conservative function f : A" — A such that

f(cOJ Cly-v ey Cn_1)(p> - (CO(p>7 cl(p>7 SRR cn—l(p»'

for all p € [A)* and ¢o, ¢, ..., ¢t € €, (A).

v
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Shelah’s extension

Shelah's extension. Notation and definitions

Definition
An n-ary aggregation rule f € V(A,r) preserves a set © C €,.(A) (or
f is a polymorphism of ® ) and © is preserved under f iff

fler,eo,...,¢,) €D forall ¢q,¢9,...,¢, €D.

The set of all f € V(A,r) that preserves © C €,.(A) is denoted
by pol®.
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Shelah's extension. Notation and definitions

Definition
Aset ® C €. (A)
@ has the Arrow property iff

pol® NN (A,r) =E(A,r).

@ has the simple Arrow property iff

pol D NN (A, r)NS(A,r) =E(A,r).
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Shelah’s theorem on the Arrow property

Theorem (S. Shelah, 2005)

Let A be a finite set. Then there are natural numbers ri,ry (e.g.
11 = 19 = 7) such that for any natural number v, ri < r < |A| — ry,
any non-empty proper symmetric subset © of the set €.(A) has the
Arrow property.
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without the Arrow property

Complete classification of symmetric sets of r-choice
function without the Arrow property
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without the Arrow property

Exceptional cases: €& (A)

Let |A| =4 and let K be the Klein four-group of permutations of A.
For any sets p,q € [A]® there is only one permutation o,, € K for
which

q= O'p,q(p)‘

o CI(A) is the set of all functions ¢ € €3(A) such that

c(q) = o,4¢(p) for all p,q € [A].
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without the Arrow property

Exceptional cases: €& (A)

The set €X(A) is symmetric and it contains exactly three elements
¢o, €1, €2 (we denote A = {a, b, c,d}):

q co(q) | ci(q) | ca(q)
{a,b,c} | a b c
{a,b,d} | b a d
{a,c,d} | ¢ d a
{b,e,d} | d c b
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without the Arrow property

Exceptional cases: €& (A)

Let the conservative function w: A? — A be defined by

S| o RS
ISHECH Noll el e
QIO | & & &

Qoo |8
ISERSRE= R RS

Let the 2-ary simple normal aggregation rule f € V(A,3) be defined
by

fq(x,y) - W(I,y)
for all ¢ € [A]® and z,y € q.
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without the Arrow property

Exceptional cases: €& (A)

We have
flco|e|c
Co | C | C | C2
Ci | €| €| €2
Co | Co | €1 | Co
Proposition

The set €5 (A) is preserved by the normal and simple aggregation
rule f. So, €X(A) is non-empty proper symmetric subset of the set
C3(A) without the simple Arrow property.
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without the Arrow property

Exceptional cases: €,(A)
Let r =2 and |A| > 2. Forany a € A, i € {0,1} and ¢ € €3(A)
Zy ={be A\{a}: c({a,b}) = a},
Wi={a€c A:|Z]| =i (mod 2)}.
o Oy(A) = {c € &(A): Wi, = o}

Exemple
A= {CL, b, C}, Q:%(A) = {C(), Cl}.

q
{a,b}
{b,c}
{a,c}
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without the Arrow property

Exceptional cases: €,(A)

Another definition. Any function ¢ € €5(A) may be represented by the
tournament I'. = (A, E') where

E ={(a,b) € A*: a#bAc({a,b}) =b}.

@ The sets €9(A) and €1(A) are the sets of all functions ¢ € €,(A)
such that the indegree of any node of the tournament T'. is even
(respectively, odd).
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without the Arrow property

:
N

ceaedA), |4 =4 ceei(A), |4l =

ceelA), 4] =3

ce @)(A), |Al=5
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without the Arrow property

Exceptional cases: €,(A)

For any non-empty set A the 3-ary normal simple aggregation rule
(4 € V(A,2) is defined by
A _ pA _ pA _
gq (iL’,Jj,y) - fq (xayax) - fq (y,x,x) =Yy
for all g € [A]? and 2,y € q.
Proposition

Each of the sets €3(A), €1(A), and €5(A) U €1(A) is preserved by the
normal and simple aggregation rule (. So, it does not has the simple
Arrow property. Besides, each of these sets is symmetric, and

Q ¢Y(A) # 2+ |A]=0,1 (mod 4);
Q ¢l(A)#£ 2+ |Al=0,3 (mod 4);
© T5(A) U Ey(A) # &y(A).
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without the Arrow property

Complete classification of symmetric sets of
r-choice function without the Arrow property

Theorem (N. Polyakov, 2014)

Let A be a finite set, r be a natural number, and © be a non-empty
proper symmetric subset of the set €.(A). Then the set © does not

has the Arrow property if and only if one of the following conditions
holds:

Q@ r=2, |A| equals 0 or 1 (mod 4), and © = €9(A)
Q r =2, |A| equals 0 or 3 (mod 4), and © = €}(A)
Q@ r=2,|A =0 (mod 4), and ® = €5(A) U €l(A),
Q@ =3 |Al=4, and ® = €K (A).

7
7
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Arrow property for classes of decision rules

Arrow property for classes of decision rules
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

@ () — a non-empty (finite) set (of conditions);
e A — a non-empty (finite) set (of solutions);
e D C “A - aset (of decision rules).

Definition

A set © C 9A is (weakly) symmetric iff for any permutation o of A

there is a permutation o* of () such that for all function ¢ € D the
functions ¢, and ¢, defined by

¢ (a) = 0 'e(0q) and T,(q) = o¢ (o) " q)

belong to ®.

v
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

Exemples
e Q=I[A]" ®=C.(A),
o Q=P(A)\ {2}, D is a set of all (total) choice functions;

@ () is a set of subsets of A enriched with some additional structure,
for example

e (Q is a set of all linear orders on A,
o (Q is a set of non-empty multisets such that the underlying set of
elements is a subset of A,

and ® is a set of choice function;
e Q is a set of all linear orders on some set B, A = P(B), ® = “A.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

@ n — a natural number (of voters), n > 1;
@ profile = n-tuple of decision rules in D;
e (simple) aggregation rule = conservative function f : A" — A;

@ V(A) — the set of all simple aggregation rules (of all arity n > 1).
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Arrow property for classes of decision rules.
Notation and definitions

Definition

A function f : A" — A preserves a set © C ®A and ® is preserved
under f iff for all ¢, ¢1,..., ¢, 1 €D the set © contains the function
f(co,¢1,...,¢,1) defined by

f(CO; €1y cn—l)(CD = f(cO(Q)7 Cl(Q), R cn—l(Q))

for all g € Q.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

@ pol® - the set of all functions f: A" — A (of any arity n) that
preserve a set D C 9A;

e invg f — the set of all sets ® C “A that is preserved under a
function f: A" — A;
o forall sets F C |J 4"A and D C P(“A)

n<w

invg F = ﬂ invg f and polD = m pol ®.
fer DeD
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

Theorem

The couple (invg, pol) is a Galois correspondence between the Boolean
lattices P( |J 4"A) and P(P(PA)). Galois-closed sets F C | A"A are

n<w n<w

closed under composition and contain all projections, i.e. is clones. If
a set ® C PA is symmetric, then the clone pol ® is symmetric, i.e. for
all permutation o of A and n-ary function f € pol® the clone pol ®
contains a function f, : A" — A, defined by

fr(a) ="' f(ca)

for alla € A™.

v
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

Definition

The set ® C @A has a (simple) Arrow property iff for any natural

number n and any n-ary function f € pol® N V(A) there is a number
i (i <n) for which

(VC(), C1,...,Cph—1 € @) f(Co, Clyevny Cn_l) = ¢,

ie.
f(a) = Qq,
for all n-tuples a € {(co(q),¢1(q),...,¢n-1(q)) : q € Q,c; € D}.
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Arrow property for classes of decision rules

Are there many symmetric sets of decision rules
without Arrow properties?

Exemple
Let A be a finite set, v be a natural number, 2 <r < |A| —1, and D
be a symmetric subset of €.(A). Let

° Q _ [A]r U [A]r—i-l’.

@ ¢ be the set of all choice functions ¢ on Q) such thatc [ [A]" € D.

v
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Arrow property for classes of decision rules

Are there many symmetric sets of decision rules
without Arrow properties?

Exemple
Then
o € is symmetric, € | [A]" =D;

e ¢ is preserved under the conservative function f : A™™! — A
defined by

F(x) = { xy, if|ranx|=r+1;

xg, if [ranx| <.

for all x = (xg, x1,...,2,) € A1,
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Arrow property for classes of decision rules

Are there many symmetric sets of decision rules
without Arrow properties?

Exemple
q co(q) | ale) |- | e(q) | fleo,cr,---56)(q)
{ap,a1,...,a,} ao a | ...| a a;
{ap,a1,...,a,—1} | ao a; | ...| a ao
¢ does not have the Arrow property.
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Arrow property for classes of decision rules

Are there many symmetric sets of decision rules
without Arrow properties?

Theorem

Let A and Q be a finite sets, and © be a symmetric subset of ®A.
Then there are finite sets B O A and P O () and a symmetric set
¢ C PB such that

o ¢ does not have the Arrow property;

e ANC | Q=2.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

o B, is the set of all sets B C A of the form
{ce®A:c(q) € B}

where ¢ € Q and B C A;
@ B, is the set of all sets B C @A of the form

{c€e@A:c(p)=aVc(q) = b},

where p,q € Q and a,b € A;
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

e By(R) is the set of all sets B C 2A of the form

{c€ QA c(q) = oc(p)},

where R is a binary relation on A<%, p,q € Q, ¢ € S4 and
(b,ob) € R forall b € A<;

@ B3(I0) is the set of all sets B C ?A of the form
{C S QA . C r Pe ian(HB)},

where IT is a Post’s class closed under duality, B € [A]?, g is a
clone on B naturally isomorphic to IT, P C Q.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

Note

There are only six Post’s classes I1 C Ty, closed under duality:
Olr Dlr D2, L4, A4, TOI-

Definition
A binary relation R on A<“ is stable iff
© aRb — a = ob for some permutation o of A;

@ aRb — car Robr for any permutation o of A, natural number
k and function 7: {0,1,...,k — 1} — doma.

v
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.
Notation and definitions

Let ® C QA. For any natural number 7
o (D) =max|{c(q) : c € D}
q€Q

0 Qo,={qeQ:|{c(q) : c€D} <1}
OQTZQTQQ,T
e DF={ce@A:c|Qo, €D}
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Arrow property for classes of decision rules

Theorem

Let A and (Q be non-empty finite sets. Let ® C %A be a symmetric
set without Arrow property. Then there are a stable binary relation
R on A<¥, a Post’s class 11 € {Oy, D1, Do, Ly, Ay, T1 } and a set
B C ByUB, UBy(R)UB3(II) such that one of two following conditions
holds

Q ©=B;

Q@ there is a natural numberr < r(®) such that © = ©;NB, and
any n-ary function f € pol® NV(A) coincides with a projection
on the set A%, = {a € A" : |rana| < r} (hence ©, has the
Arrow property).

v
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Some positive results

Some positive results
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Some positive results

Theorem

Let A be a non-empty finite set, |A| > 3, and f be an arbitrary non-
dictatorship function in the clone D generated by a (majority) function
0 satistying

INz,z,y) =0(z,y,x) =0(y,z,x) = x.

Then a set ® C €y(A) belong of invs f if and only if the set D is
an intersection of a family of sets of the form

{c € &(A): c({a,b}) = a — c({c,d}) = d}.

where a,b,c,d € A.
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Some positive results

Thank you!

Mathematical methods of decision a;lalysis
53

AV oL E TGV (T ETTE IR VLIS A VB ELOn the clonal approach in the mathematic



	Arrow's impossibility theorem
	Shelah's extension
	Complete classification of symmetric sets of r-choice function without the Arrow property
	Arrow property for classes of decision rules
	Some positive results

