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Arrow’s impossibility theorem

Arrow’s impossibility theorem. Notation

𝐴 � a non-empty (�nite) set (of alternatives);

𝑛 � a natural number (of voters), 𝑛 ≥ 1;

(individual) preferences = (strict) linear order on 𝐴;

Ord(𝐴) � the set of all (strict) linear orders on 𝐴;

profile = 𝑛-tuple of linear orders on 𝐴;

(universal) aggregation rule = function 𝑓 : (Ord(𝐴))𝑛 → Ord(𝐴).
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Arrow’s impossibility theorem

Arrow’s impossibility theorem. Definitions

De�nition

An aggregation rule 𝑓 : (Ord(𝐴))𝑛 → Ord(𝐴) satisfies

U (unanimity) iff

(∀𝑎, 𝑏 ∈ 𝐴) ((∀𝑖 < 𝑛) 𝑎 ≺𝑖 𝑏) → 𝑎 𝑓(𝜋) 𝑏

for any profile 𝜋 = (≺0,≺1, . . . ,≺𝑛−1) in (Ord(𝐴))𝑛;

IIA (independence of irrelevant alternatives) iff

(∀𝑎, 𝑏 ∈ 𝐴) ((∀𝑖 < 𝑛) 𝑎 ≺𝑖 𝑏 ↔ 𝑎 ≺′
𝑖 𝑏) → (𝑎 𝑓(𝜋) 𝑏 ↔ 𝑎 𝑓(𝜋′) 𝑏)

for all profiles 𝜋 = (≺0,≺1, . . . ,≺𝑛−1), 𝜋
′ = (≺′

0,≺′
1, . . . ,≺′

𝑛−1)
in (Ord(𝐴))𝑛.
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Arrow’s impossibility theorem

Arrow’s impossibility theorem

An aggregation rule 𝑓 : (Ord(𝐴))𝑛 → Ord(𝐴) satisfies

D (dictatorchip) iff 𝑓 is a projection, i.e. there is 𝑖 < 𝑛 such that
for all 𝜋 = (≺0,≺1, . . . ,≺𝑛−1) ∈ (Ord(𝐴))𝑛

𝑓(𝜋) =≺𝑖 .

Theorem (K. Arrow, 1950,1963)

For any natural number 𝑛 ≥ 1, finite set 𝐴 of cardinality |𝐴| ≥ 3, and
aggregation rule 𝑓 : (Ord(𝐴))𝑛 → Ord(𝐴) if 𝑓 satisfies U and IIA
then 𝑓 satisfies D.
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Arrow’s impossibility theorem

Arrow’s impossibility theorem in terms of choice

functions. Notation and definitions

𝐴 � a (�nite) set (of alternatives);

[𝐴]2 = {𝐵 ⊆ 𝐴 : |𝐵| = 2};
2-choice function on 𝐴 � function c : [𝐴]2 → 𝐴 satisfying

(∀𝑝 ∈ [𝐴]2) c(𝑝) ∈ 𝑝.

De�nition

A 2-choice function c on 𝐴 is rational iff there is a (strict) linear order≺
on 𝐴 such that c(𝑝) = max≺ 𝑝 for all 𝑝 ∈ [𝐴]2, i.e.

c({𝑎, 𝑏}) = 𝑏 ↔ 𝑎 ≺ 𝑏

for all different 𝑎, 𝑏 ∈ 𝐴.
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Arrow’s impossibility theorem

Arrow’s impossibility theorem in terms of choice

functions. Notation and definitions

(individual) preferences = rational 2-choice function on 𝐴;

R2(𝐴) � the set of all rational 2-choice functions on 𝐴;

𝑛 � a natural number (of voters);

profile = 𝑛-tuple of rational 2-choice functions on 𝐴;

(universal) aggregation rule = function 𝑓 : (R2(𝐴))𝑛 → R2(𝐴).

Note

The function Θ that assigns to each strict linear order ≺ the rational
2-choice function max≺ is a bijection between Ord(𝐴) and R2(𝐴).
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Arrow’s impossibility theorem

Arrow’s impossibility theorem in terms of choice

functions. Notation and definitions

De�nition

An aggregation rule 𝑓 : (R2(𝐴))𝑛 → R2(𝐴) satisfies

U (unanimity) iff

(∀𝑝 ∈ [𝐴]2) (∀𝑏 ∈ 𝑝) ((∀𝑖 < 𝑛) c(𝑝) = 𝑏) → 𝑓(𝜋)(𝑝) = 𝑏

for any profile 𝜋 = (c0, c1, . . . , c𝑛−1) in (R2(𝐴))𝑛;

IIA (independence of irrelevant alternatives) iff

(∀𝑝 ∈ [𝐴]2)((∀𝑖 < 𝑛) c𝑖(𝑝) = c′𝑖(𝑝)) → 𝑓(𝜋)(𝑝) = 𝑓(𝜋′)(𝑝)

for all profiles 𝜋 = (c0, c1, . . . , c𝑛−1), 𝜋′ = (c′0, c
′
1, . . . , c

′
𝑛−1)

in (R2(𝐴))𝑛.
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Arrow’s impossibility theorem

Arrow’s impossibility theorem in terms of choice

functions. Notation and definitions

Note

A function 𝑓 : (R2(𝐴))𝑛 → R2(𝐴) satisfies IIA iff for all 𝑝 ∈ [𝐴]2

there is a function 𝑓𝑝 : 𝑝𝑛 → 𝑝 such that

𝑓(c0, c1, . . . , c𝑛−1)(𝑝) = 𝑓𝑝(c0(𝑝), c1(𝑝), . . . , c𝑛−1(𝑝))

for all 𝑝 ∈ [𝐴]2 and c0, c1, . . . , c𝑛−1 ∈ R2(𝐴).
A function 𝑓 : (R2(𝐴))𝑛 → R2(𝐴) 𝑓 satisfies IIA and U iff there is a

conservative function ̂︀𝑓 : 𝐴𝑛 → 𝐴 such that

𝑓(c0, c1, . . . , c𝑛−1)(𝑝) = ̂︀𝑓(c0(𝑝), c1(𝑝), . . . , c𝑛−1(𝑝)).

for all 𝑝 ∈ [𝐴]2 and c0, c1, . . . , c𝑛−1 ∈ R2(𝐴).
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Arrow’s impossibility theorem

Conservative functions

De�nition

A function 𝑔 : 𝐴𝑛 → 𝐴 is conservative iff

(∀𝑥0, 𝑥1, . . . , 𝑥𝑛−1 ∈ 𝐴)
⋁︁
𝑖<𝑛

(𝑔(𝑥0, 𝑥1, . . . , 𝑥𝑛−1) = 𝑥𝑖).
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Arrow’s impossibility theorem

Arrow’s impossibility theorem in terms of choice

functions

An aggregation rule 𝑓 : (Ord(𝐴))𝑛 → Ord(𝐴) satisfies

D iff 𝑓 is a projection, i.e. there is 𝑖 < 𝑛 such that for all 𝜋 =
(c0, c1, . . . , c𝑛−1) ∈ (R2(𝐴))𝑛

𝑓(𝜋) = c𝑖.

Theorem

For any natural number 𝑛 ≥ 1, finite set 𝐴 of cardinality |𝐴| ≥ 3,
and aggregation rule 𝑓 : (R2(𝐴))𝑛 → R2(𝐴) if 𝑓 satisfies U and IIA
then 𝑓 satisfies D.
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Shelah’s extension

Shelah’s extension. Notation and definitions

𝐴 � a non-empty (�nite) set (of alternatives);
𝑟 � a natural number (technical parameter), 𝑟 ≥ 1;
[𝐴]𝑟 = {𝐵 ⊆ 𝐴 : |𝐵| = 𝑟};
𝑟-choice function on 𝐴 � function c : [𝐴]𝑟 → 𝐴 satisfying

(∀𝑝 ∈ [𝐴]𝑟) c(𝑝) ∈ 𝑝.

C𝑟(𝐴) � the set of all 𝑟-choice function on 𝐴;

De�nition

A set D ⊆ C𝑟(𝐴) is symmetric if for any function c ∈ D and
permutation 𝜎 ∈ 𝑆𝐴 the function c𝜎 defined by

(∀𝑝 ∈ [𝐴]𝑟) c𝜎(𝑝) = 𝜎−1c(𝜎𝑝),

belongs to D.
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Shelah’s extension

Symmetric sets of 𝑟-choice functions

Exemples

The set R2(𝐴).

The set of all function c ∈ C𝑟(𝐴) such that c(𝑝) is the median
element in 𝑝 according to some ordering (𝑟 is odd).

The set {c ∈ C2(𝐴) : (∃𝑥 ∈ 𝐴)(∀𝑦 ∈ 𝐴 ∖ {𝑥}) c({𝑥, 𝑦}) = 𝑥}.
Let ≺ be a strict partial order on 𝐴 and C≺

𝑟 (𝐴) a set of all
functions c ∈ C𝑟(𝐴) such that c(𝑝) is some non-dominated
element of 𝑝, i.e.

(∀𝑥 ∈ 𝑝) c(𝑝) ⊀ 𝑥.

Let 𝑊 be a set of strict partial order on 𝐴 closed under
isomorphisms. The set

⋃︀
≺∈𝑊

𝐶≺
𝑟 (𝐴) is symmetric.
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Shelah’s extension

Shelah’s extension. Notation and definitions

(individual) preferences = 𝑟-choice function on 𝐴;

𝑛 � a natural number (of voters), 𝑛 ≥ 1;

profile = 𝑛-tuple of 𝑟-choice functions on 𝐴;

aggregation rule = function 𝑓 : (C𝑟(𝐴))𝑛 → C𝑟(𝐴);

𝒱(𝐴, 𝑟) � the set of all aggregation rules (of all arity 𝑛 ≥ 1).
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Shelah’s extension

Shelah’s extension. Notation and definitions

De�nition

An 𝑛-ary aggregation rule 𝑓 ∈ 𝒱(𝐴, 𝑟) is normal iff

(i) 𝑓(c0, c1, . . . , c𝑛−1)(𝑞) ∈ {c0(𝑞), c1(𝑞), . . . , c𝑛−1(𝑞)}
for all c0, c1, . . . , c𝑛−1 ∈ C𝑟(𝐴) and 𝑞 ∈ [𝐴]𝑟;

(ii) (c0(𝑞), c1(𝑞), . . . , c𝑛−1(𝑞)) = (c′0(𝑞), c′1(𝑞), . . . , c′𝑛−1(𝑞)) →
𝑓(c0, c1, . . . , c𝑛−1)(𝑞) = 𝑓(c′0, c

′
1, . . . , c

′
𝑛−1)(𝑞)

for all c0, c1, . . . , c𝑛−1, c
′
0, c

′
1, . . . , c

′
𝑛−1 ∈ C𝑟(𝐴) and 𝑞 ∈ [𝐴]𝑟.

𝒩 (𝐴, 𝑟) � the set of all normal aggregation rules in 𝒱(𝐴, 𝑟).
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Shelah’s extension

Shelah’s extension. Notation and definitions

De�nition

An 𝑛-ary aggregation rule 𝑓 ∈ 𝒱(𝐴, 𝑟) is simple iff

(c0(𝑝), c1(𝑝), . . . , c𝑛−1(𝑝)) = (c0(𝑞), c1(𝑞), . . . , c𝑛−1(𝑞)) →
𝑓(c0, c1, . . . , c𝑛−1)(𝑝) = 𝑓(c0, c1, . . . , c𝑛−1)(𝑞)
for all c0, c1, . . . , c𝑛−1 ∈ C𝑟(𝐴) and 𝑝, 𝑞 ∈ [𝐴]𝑟.

𝒮(𝐴, 𝑟) � the set of all simple aggregation rules in 𝒱(𝐴, 𝑟).
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Shelah’s extension

Shelah’s extension. Notation and definitions

De�nition

An 𝑛-ary aggregation rule 𝑓 ∈ 𝒱(𝐴, 𝑟) is simple iff

(c0(𝑝), c1(𝑝), . . . , c𝑛−1(𝑝)) = (c0(𝑞), c1(𝑞), . . . , c𝑛−1(𝑞)) →
𝑓(c0, c1, . . . , c𝑛−1)(𝑝) = 𝑓(c0, c1, . . . , c𝑛−1)(𝑞)
for all c0, c1, . . . , c𝑛−1 ∈ C𝑟(𝐴) and 𝑝, 𝑞 ∈ [𝐴]𝑟.

𝒮(𝐴, 𝑟) � the set of all simple aggregation rules in 𝒱(𝐴, 𝑟).
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Shelah’s extension

Shelah’s extension. Notation and definitions

De�nition

An 𝑛-ary aggregation rule 𝑓 ∈ 𝒱(𝐴, 𝑟) is a dictatorship iff it is a
projection, i.e. iff there is 𝑖 < 𝑛 such that 𝑓(c0, c1, . . . , c𝑛−1) = c𝑖 for
all c0, c1, . . . , c𝑛−1 ∈ C𝑟(𝐴)

ℰ(𝐴, 𝑟) � the set of all dictatorships in 𝒱(𝐴, 𝑟).
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Shelah’s extension

Shelah’s extension. Notation and definitions

De�nition

An 𝑛-ary aggregation rule 𝑓 ∈ 𝒱(𝐴, 𝑟) is a dictatorship iff it is a
projection, i.e. iff there is 𝑖 < 𝑛 such that 𝑓(c0, c1, . . . , c𝑛−1) = c𝑖 for
all c0, c1, . . . , c𝑛−1 ∈ C𝑟(𝐴)

ℰ(𝐴, 𝑟) � the set of all dictatorships in 𝒱(𝐴, 𝑟).

N. L. Polyakov (Financial University, Moscow )On the clonal approach in the mathematical theory of social choice
Mathematical methods of decision analysis in economics, finance and politics, HSE 16 November 2016 19

/ 53



Shelah’s extension

Shelah’s extension. Notation and definitions

Note

An 𝑛-ary function 𝑓 ∈ 𝒱(𝐴, 𝑟) is normal iff for all 𝑝 ∈ [𝐴]2 there is a
conservative function 𝑓𝑝 : 𝑝𝑛 → 𝑝 such that

𝑓(c0, c1, . . . , c𝑛−1)(𝑝) = 𝑓𝑝(c0(𝑝), c1(𝑝), . . . , c𝑛−1(𝑝))

for all 𝑝 ∈ [𝐴]2 and c0, c1, . . . , c𝑛−1 ∈ C𝑟(𝐴).
An 𝑛-ary function 𝑓 : (R2(𝐴))𝑛 → R2(𝐴) 𝑓 is normal and simple iff

there is a conservative function ̂︀𝑓 : 𝐴𝑛 → 𝐴 such that

𝑓(c0, c1, . . . , c𝑛−1)(𝑝) = ̂︀𝑓(c0(𝑝), c1(𝑝), . . . , c𝑛−1(𝑝)).

for all 𝑝 ∈ [𝐴]2 and c0, c1, . . . , c𝑛−1 ∈ C𝑟(𝐴).

N. L. Polyakov (Financial University, Moscow )On the clonal approach in the mathematical theory of social choice
Mathematical methods of decision analysis in economics, finance and politics, HSE 16 November 2016 20

/ 53



Shelah’s extension

Shelah’s extension. Notation and definitions

De�nition

An 𝑛-ary aggregation rule 𝑓 ∈ 𝒱(𝐴, 𝑟) preserves a set D ⊆ C𝑟(𝐴) (or
𝑓 is a polymorphism of D) and D is preserved under 𝑓 iff

𝑓(c1, c2, . . . , c𝑛) ∈ D for all c1, c2, . . . , c𝑛 ∈ D.

The set of all 𝑓 ∈ 𝒱(𝐴, 𝑟) that preserves D ⊆ C𝑟(𝐴) is denoted
by polD.

N. L. Polyakov (Financial University, Moscow )On the clonal approach in the mathematical theory of social choice
Mathematical methods of decision analysis in economics, finance and politics, HSE 16 November 2016 21

/ 53



Shelah’s extension

Shelah’s extension. Notation and definitions

De�nition

A set D ⊆ C𝑟(𝐴)

has the Arrow property iff

polD ∩𝒩 (𝐴, 𝑟) = ℰ(𝐴, 𝑟).

has the simple Arrow property iff

polD ∩𝒩 (𝐴, 𝑟) ∩ 𝒮(𝐴, 𝑟) = ℰ(𝐴, 𝑟).
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Shelah’s extension

Shelah’s theorem on the Arrow property

Theorem (S. Shelah, 2005)

Let 𝐴 be a finite set. Then there are natural numbers 𝑟1, 𝑟2 (e.g.
𝑟1 = 𝑟2 = 7) such that for any natural number 𝑟, 𝑟1 ≤ 𝑟 ≤ |𝐴| − 𝑟2,
any non-empty proper symmetric subset D of the set C𝑟(𝐴) has the
Arrow property.
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property

Complete classification of symmetric sets of 𝑟-choice
function without the Arrow property
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property

Exceptional cases: C𝐾
3 (𝐴)

Let |𝐴| = 4 and let 𝐾 be the Klein four-group of permutations of 𝐴.
For any sets 𝑝, 𝑞 ∈ [𝐴]3 there is only one permutation 𝜎𝑝,𝑞 ∈ 𝐾 for
which

𝑞 = 𝜎𝑝,𝑞(𝑝).

C𝐾
3 (𝐴) is the set of all functions c ∈ C3(𝐴) such that

c(𝑞) = 𝜎𝑝,𝑞c(𝑝) for all 𝑝, 𝑞 ∈ [𝐴]3.
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property

Exceptional cases: C𝐾
3 (𝐴)

The set C𝐾
3 (𝐴) is symmetric and it contains exactly three elements

c0, c1, c2 (we denote 𝐴 = {𝑎, 𝑏, 𝑐, 𝑑}):

𝑞 c0(𝑞) c1(𝑞) c2(𝑞)
{𝑎, 𝑏, 𝑐} 𝑎 𝑏 𝑐
{𝑎, 𝑏, 𝑑} 𝑏 𝑎 𝑑
{𝑎, 𝑐, 𝑑} 𝑐 𝑑 𝑎
{𝑏, 𝑐, 𝑑} 𝑑 𝑐 𝑏
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property

Exceptional cases: C𝐾
3 (𝐴)

Let the conservative function 𝑤 : 𝐴2 → 𝐴 be de�ned by

𝑤 𝑎 𝑏 𝑐 𝑑
𝑎 𝑎 𝑎 𝑐 𝑑
𝑏 𝑏 𝑏 𝑐 𝑑
𝑐 𝑎 𝑏 𝑐 𝑐
𝑑 𝑎 𝑏 𝑑 𝑑

Let the 2-ary simple normal aggregation rule 𝑓 ∈ 𝒱(𝐴, 3) be de�ned
by

𝑓𝑞(𝑥, 𝑦) = 𝑤(𝑥, 𝑦)

for all 𝑞 ∈ [𝐴]3 and 𝑥, 𝑦 ∈ 𝑞.
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property

Exceptional cases: C𝐾
3 (𝐴)

We have

𝑓 c0 c1 c2
c0 c0 c0 c2
c1 c1 c1 c2
c2 c0 c1 c2

Proposition

The set C𝐾
3 (𝐴) is preserved by the normal and simple aggregation

rule 𝑓 . So, C𝐾
3 (𝐴) is non-empty proper symmetric subset of the set

C3(𝐴) without the simple Arrow property.
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property

Exceptional cases: C𝑖
2(𝐴)

Let 𝑟 = 2 and |𝐴| ≥ 2. For any 𝑎 ∈ 𝐴, 𝑖 ∈ {0, 1} and c ∈ C2(𝐴)

𝑍c
𝑎 = {𝑏 ∈ 𝐴 ∖ {𝑎} : c({𝑎, 𝑏}) = 𝑎},

𝑊 c
𝑖 = {𝑎 ∈ 𝐴 : |𝑍c

𝑎| = 𝑖 (mod 2)}.

C𝑖
2(𝐴) = {c ∈ C2(𝐴) : 𝑊 c

(1−𝑖) = ∅}.

Exemple

𝐴 = {𝑎, 𝑏, 𝑐}, C1
2(𝐴) = {c0, c1}.

𝑞 c0(𝑞) c1(𝑞)
{𝑎, 𝑏} 𝑏 𝑎
{𝑏, 𝑐} 𝑐 𝑏
{𝑎, 𝑐} 𝑎 𝑐
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property

Exceptional cases: C𝑖
2(𝐴)

Another de�nition. Any function c ∈ C2(𝐴) may be represented by the
tournament Γc = (𝐴,𝐸) where

𝐸 = {(𝑎, 𝑏) ∈ 𝐴2 : 𝑎 ̸= 𝑏 ∧ c({𝑎, 𝑏}) = 𝑏}.

The sets C0
2(𝐴) and C1

2(𝐴) are the sets of all functions c ∈ C2(𝐴)
such that the indegree of any node of the tournament Γc is even
(respectively, odd).
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property

Exceptional cases: C𝑖
2(𝐴)

For any non-empty set 𝐴 the 3-ary normal simple aggregation rule
ℓ𝐴 ∈ 𝒱(𝐴, 2) is de�ned by

ℓ𝐴𝑞 (𝑥, 𝑥, 𝑦) = ℓ𝐴𝑞 (𝑥, 𝑦, 𝑥) = ℓ𝐴𝑞 (𝑦, 𝑥, 𝑥) = 𝑦

for all 𝑞 ∈ [𝐴]2 and 𝑥, 𝑦 ∈ 𝑞.

Proposition

Each of the sets C0
2(𝐴), C1

2(𝐴), and C0
2(𝐴) ∪ C1

2(𝐴) is preserved by the
normal and simple aggregation rule ℓ𝐴. So, it does not has the simple
Arrow property. Besides, each of these sets is symmetric, and

1 C0
2(𝐴) ̸= ∅↔ |𝐴| = 0, 1 (mod 4);

2 C1
2(𝐴) ̸= ∅↔ |𝐴| = 0, 3 (mod 4);

3 C0
2(𝐴) ∪ C1

2(𝐴) ̸= C2(𝐴).
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Complete classification of symmetric sets of 𝑟-choice function
without the Arrow property

Complete classification of symmetric sets of

𝑟-choice function without the Arrow property

Theorem (N. Polyakov, 2014)

Let 𝐴 be a finite set, 𝑟 be a natural number, and D be a non-empty
proper symmetric subset of the set C𝑟(𝐴). Then the set D does not
has the Arrow property if and only if one of the following conditions
holds:

1 𝑟 = 2, |𝐴| equals 0 or 1 (mod 4), and D = C0
2(𝐴),

2 𝑟 = 2, |𝐴| equals 0 or 3 (mod 4), and D = C1
2(𝐴),

3 𝑟 = 2, |𝐴| = 0 (mod 4), and D = C0
2(𝐴) ∪ C1

2(𝐴),

4 𝑟 = 3, |𝐴| = 4, and D = C𝐾
3 (𝐴).
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Arrow property for classes of decision rules

Arrow property for classes of decision rules
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

𝑄 � a non-empty (�nite) set (of conditions);

𝐴 � a non-empty (�nite) set (of solutions);

D ⊆ 𝑄𝐴 � a set (of decision rules).

De�nition

A set D ⊆ 𝑄𝐴 is (weakly) symmetric iff for any permutation 𝜎 of 𝐴
there is a permutation 𝜎* of 𝑄 such that for all function c ∈ D the
functions c𝜎 and ̃︀c𝜎 defined by

c𝜎(𝑞) = 𝜎−1c(𝜎*𝑞) and ̃︀c𝜎(𝑞) = 𝜎c
(︀
(𝜎*)−1 𝑞

)︀
belong to D.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

Exemples

𝑄 = [𝐴]𝑟, D = C𝑟(𝐴);

𝑄 = 𝒫(𝐴) ∖ {∅}, D is a set of all (total) choice functions;

𝑄 is a set of subsets of 𝐴 enriched with some additional structure,
for example

𝑄 is a set of all linear orders on 𝐴,

𝑄 is a set of non-empty multisets such that the underlying set of

elements is a subset of 𝐴,

and D is a set of choice function;

𝑄 is a set of all linear orders on some set 𝐵, 𝐴 = 𝒫(𝐵), D = 𝑄𝐴.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

𝑛 � a natural number (of voters), 𝑛 ≥ 1;

profile = 𝑛-tuple of decision rules in D;

(simple) aggregation rule = conservative function 𝑓 : 𝐴𝑛 → 𝐴;

𝒱(𝐴) � the set of all simple aggregation rules (of all arity 𝑛 ≥ 1).
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

De�nition

A function 𝑓 : 𝐴𝑛 → 𝐴 preserves a set D ⊆ 𝑄𝐴 and D is preserved
under 𝑓 iff for all c0, c1, . . . , c𝑛−1 ∈ D the set D contains the function
𝑓(c0, c1, . . . , c𝑛−1) defined by

𝑓(c0, c1, . . . , c𝑛−1)(𝑞) = 𝑓(c0(𝑞), c1(𝑞), . . . , c𝑛−1(𝑞))

for all 𝑞 ∈ 𝑄.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

polD � the set of all functions 𝑓 : 𝐴𝑛 → 𝐴 (of any arity 𝑛) that
preserve a set D ⊆ 𝑄𝐴;

inv𝑄 𝑓 � the set of all sets D ⊆ 𝑄𝐴 that is preserved under a
function 𝑓 : 𝐴𝑛 → 𝐴;

for all sets ℱ ⊆ ⋃︀
𝑛<𝜔

𝐴𝑛
𝐴 and D ⊆ 𝒫(𝑄𝐴)

inv𝑄ℱ =
⋂︁
𝑓∈ℱ

inv𝑄 𝑓 and polD =
⋂︁
D∈D

polD.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

Theorem

The couple (inv𝑄, pol) is a Galois correspondence between the Boolean
lattices 𝒫(

⋃︀
𝑛<𝜔

𝐴𝑛
𝐴) and 𝒫(𝒫(𝑄𝐴)). Galois-closed sets ℱ ⊆ ⋃︀

𝑛<𝜔

𝐴𝑛
𝐴 are

closed under composition and contain all projections, i.e. is clones. If
a set D ⊆ 𝑄𝐴 is symmetric, then the clone polD is symmetric, i.e. for
all permutation 𝜎 of 𝐴 and 𝑛-ary function 𝑓 ∈ polD the clone polD
contains a function 𝑓𝜎 : 𝐴𝑛 → 𝐴, defined by

𝑓𝜎(a) = 𝜎−1𝑓(𝜎a)

for all a ∈ 𝐴𝑛.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

De�nition

The set D ⊆ 𝑄𝐴 has a (simple) Arrow property iff for any natural
number 𝑛 and any 𝑛-ary function 𝑓 ∈ polD ∩ 𝒱(𝐴) there is a number
𝑖 (𝑖 < 𝑛) for which

(∀c0, c1, . . . , c𝑛−1 ∈ D) 𝑓(c0, c1, . . . , c𝑛−1) = c𝑖,

i.e.
𝑓(a) = 𝑎𝑖,

for all 𝑛-tuples a ∈ {(c0(𝑞), c1(𝑞), . . . , c𝑛−1(𝑞)) : 𝑞 ∈ 𝑄, c𝑖 ∈ D}.

N. L. Polyakov (Financial University, Moscow )On the clonal approach in the mathematical theory of social choice
Mathematical methods of decision analysis in economics, finance and politics, HSE 16 November 2016 41

/ 53



Arrow property for classes of decision rules

Are there many symmetric sets of decision rules

without Arrow properties?

Exemple

Let 𝐴 be a finite set, 𝑟 be a natural number, 2 ≤ 𝑟 ≤ |𝐴| − 1, and D
be a symmetric subset of C𝑟(𝐴). Let

𝑄 = [𝐴]𝑟 ∪ [𝐴]𝑟+1;

C be the set of all choice functions c on 𝑄 such that c � [𝐴]𝑟 ∈ D.
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Arrow property for classes of decision rules

Are there many symmetric sets of decision rules

without Arrow properties?

Exemple

Then

C is symmetric, C � [𝐴]𝑟 = D;

C is preserved under the conservative function 𝑓 : 𝐴𝑟+1 → 𝐴
defined by

𝑓(x) =

{︂
𝑥1, if | ranx| = 𝑟 + 1;
𝑥0, if | ranx| ≤ 𝑟.

for all x = (𝑥0, 𝑥1, . . . , 𝑥𝑟) ∈ 𝐴𝑟+1.
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Arrow property for classes of decision rules

Are there many symmetric sets of decision rules

without Arrow properties?

Exemple

𝑞 c0(𝑞) c1(𝑞) . . . c𝑟(𝑞) 𝑓(c0, c1, . . . , c𝑟)(𝑞)
{𝑎0, 𝑎1, . . . , 𝑎𝑟} 𝑎0 𝑎1 . . . 𝑎𝑟 𝑎1
{𝑎0, 𝑎1, . . . , 𝑎𝑟−1} 𝑎0 𝑎1 . . . 𝑎1 𝑎0

C does not have the Arrow property.
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Arrow property for classes of decision rules

Are there many symmetric sets of decision rules

without Arrow properties?

Theorem

Let 𝐴 and 𝑄 be a finite sets, and D be a symmetric subset of 𝑄𝐴.
Then there are finite sets 𝐵 ⊇ 𝐴 and 𝑃 ⊇ 𝑄 and a symmetric set
C ⊆ 𝑃𝐵 such that

C does not have the Arrow property;
𝑄𝐴 ∩ C � 𝑄 = D.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

B0 is the set of all sets B ⊆ 𝑄𝐴 of the form

{c ∈ 𝑄𝐴 : c(𝑞) ∈ 𝐵}

where 𝑞 ∈ 𝑄 and 𝐵 ⊆ 𝐴;

B1 is the set of all sets B ⊆ 𝑄𝐴 of the form

{c ∈ 𝑄𝐴 : c(𝑝) = 𝑎 ∨ c(𝑞) = 𝑏},

where 𝑝, 𝑞 ∈ 𝑄 and 𝑎, 𝑏 ∈ 𝐴;
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

B2(𝑅) is the set of all sets B ⊆ 𝑄𝐴 of the form

{c ∈ 𝑄𝐴 : c(𝑞) = 𝜎c(𝑝)},

where 𝑅 is a binary relation on 𝐴<𝜔, 𝑝, 𝑞 ∈ 𝑄, 𝜎 ∈ 𝑆𝐴 and
(b, 𝜎b) ∈ 𝑅 for all b ∈ 𝐴<𝜔;

B3(Π) is the set of all sets B ⊆ 𝑄𝐴 of the form

{c ∈ 𝑄𝐴 : c � 𝑃 ∈ inv𝑃 (Π𝐵)},

where Π is a Post's class closed under duality, 𝐵 ∈ [𝐴]2, Π𝐵 is a
clone on 𝐵 naturally isomorphic to Π, 𝑃 ⊆ 𝑄.
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Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

Note

There are only six Post’s classes Π ⊆ 𝑇01 closed under duality:
𝑂1, 𝐷1, 𝐷2, 𝐿4, 𝐴4, 𝑇01.

De�nition

A binary relation 𝑅 on 𝐴<𝜔 is stable iff

1 a𝑅b → a = 𝜎b for some permutation 𝜎 of 𝐴;

2 a𝑅b → 𝜎a𝜏 𝑅 𝜎b𝜏 for any permutation 𝜎 of 𝐴, natural number
𝑘 and function 𝜏 : {0, 1, . . . , 𝑘 − 1} → dom a.

N. L. Polyakov (Financial University, Moscow )On the clonal approach in the mathematical theory of social choice
Mathematical methods of decision analysis in economics, finance and politics, HSE 16 November 2016 48

/ 53



Arrow property for classes of decision rules

Arrow property for classes of decision rules.

Notation and definitions

Let D ⊆ 𝑄𝐴. For any natural number 𝑟

𝑟(D) = max
𝑞∈𝑄

|{c(𝑞) : c ∈ D}|
𝑄D,𝑟 = {𝑞 ∈ 𝑄 : |{c(𝑞) : c ∈ D}| ≤ 𝑟};
D𝑟 = D � 𝑄D,𝑟

D+
𝑟 = {c ∈ 𝑄𝐴 : c � 𝑄D,𝑟 ∈ D𝑟};
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Arrow property for classes of decision rules

Arrow property for classes of decision rules

Theorem

Let 𝐴 and 𝑄 be non-empty finite sets. Let D ⊆ 𝑄𝐴 be a symmetric
set without Arrow property. Then there are a stable binary relation
𝑅 on 𝐴<𝜔, a Post’s class Π ∈ {𝑂1, 𝐷1, 𝐷2, 𝐿4, 𝐴4, 𝑇01} and a set
B ⊆ B0∪B1∪B2(𝑅)∪B3(Π) such that one of two following conditions
holds

1 D =
⋂︀
B;

2 there is a natural number 𝑟 < 𝑟(D) such that D = D+
𝑟 ∩

⋂︀
B, and

any 𝑛-ary function 𝑓 ∈ polD ∩ 𝒱(𝐴) coincides with a projection
on the set 𝐴𝑛

≤𝑟 = {a ∈ 𝐴𝑛 : | ran a| ≤ 𝑟} (hence D𝑟 has the
Arrow property).
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Some positive results

Some positive results
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Some positive results

Theorem

Let 𝐴 be a non-empty finite set, |𝐴| ≥ 3, and 𝑓 be an arbitrary non-
dictatorship function in the clone 𝒟 generated by a (majority) function
𝜕 satisfying

𝜕(𝑥, 𝑥, 𝑦) = 𝜕(𝑥, 𝑦, 𝑥) = 𝜕(𝑦, 𝑥, 𝑥) = 𝑥.

Then a set D ⊆ C2(𝐴) belong of inv[𝐴]2 𝑓 if and only if the set D is
an intersection of a family of sets of the form

{c ∈ C2(𝐴) : c({𝑎, 𝑏}) = 𝑎 → c({𝑐, 𝑑}) = 𝑑}.

where 𝑎, 𝑏, 𝑐, 𝑑 ∈ 𝐴.
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Some positive results

Thank you!
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