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ABSTRACT
We consider varieties of linear multioperator algebras, that is,

classes of algebras with several multilinear operations satisfying

certain identities. To each such a variety one can assign a numerical

sequence called a sequence of codimensions. The n-th codimension

is equal to the dimension of the vector space of all n-linear oper-
ations in the free algebra of the variety. In recent decades, a new

approach to such a sequence has appeared based on the fact that

the union of the above vector spaces carries the structure of alge-

braic operad, so that the generating function of the codimension

sequence is equal to the generating series of the operad.

We show that in general there does not exist an algorithm to de-

cide whether the growth exponent of the codimension sequence of

the variety defined by given finite sets of operations and identities is

equal to a given rational number. In particular, we solve negatively

a recent conjecture by Bremner and Dotsenko by showing that the

set of codimension sequences of varieties defined by a bounded

number and degrees of operations and identities is infinite. Then

we discuss algorithms which in many cases calculate the generating

functions of the codimension series in the form of a defining alge-

braic or differential equation. For a more general class of varieties,

these algorithms give upper and lower bounds for the codimensions

in terms of generating functions. The upper bound is just a formal

power series satisfying an algebraic equation defined effectively by

the generators and the identities of the variety. The first stage of

an algorithm for the lower bound is the construction of a Groebner

basis of the operad. If the Groebner basis happens to be finite and

satisfies mild restrictions, a recent theorem by the author and An-

ton Khoroshkin guarantees that the desired generating function is

either algebraic or differential algebraic. We describe algorithms

producing such equations. In the case of infinite Groebner basis,

these algorithms applied to its finite subsets give lower bounds for

the generating function of the codimension sequence.
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1 INTRODUCTION
We consider classes of linear multioperator algebras defined by

operations and identities among them, that is, varieties of multiop-

erator algebras. Given such a variety, a sequence of vector spaces is

associated to it called a cocharacter sequence or an algebraic operad
associated to the variety. The sequence of dimensions of these vec-

tor spaces (codimension sequence) and its (exponential) generating

function (codimension series of the variety, or generating series of
the operad) is one of the most important invariant of an operad

or a variety. In particular, the asymptotic growth of the cocharac-

ter sequence is a measure of the growth of the operad. Both the

generating series and the asymptotics of the coefficients have been

studied for a number of varieties and operads, see [11] and [23] and

references therein.

Here we discuss the algorithmic approach to determining as-

ymptotic growth of operads. First, we should mention the recent

progress in determining such a growth in the case of varieties of

algebras with one binary operation [11] where the theory of repre-

sentations of symmetric groups is extremely useful. In particular

it is shown [2] that the codimension series of each variety of as-

sociative algebras is a holonomic function. In contrast, here we

concentrate on the case of the varieties of multi-operational alge-

bras. In this case, operadic methods are extremely useful. These

operadic methods lead to algorithms based on various symbolic

computation concepts such as; the theory of Groebner bases in

operads, the combinatorial problems which are close to the prob-

lem of enumeration of labelled trees avoiding certain patterns, the

formal power series solutions of algebraic and algebraic differential

equations and the problem of determining the asymptotics of the

coefficients of such solutions.

We try to explain here a chain of algorithms which leads from

a list of operations and identities to either asymptotic growth of

corresponding variety or bounds for asymptotics. We discuss also

theoretical obstructions for such algorithms to be applicable in the

most general case. We discuss briefly a recent implementation of
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some algorithms from the chain (that is, algorithms for calculation

of Groebner bases in operads).

More precisely, we first show that, in general, there does not ex-

ist an algorithm which always determines the growth asymptotics

of codimensions of a variety defined by finite collection of opera-

tions and identities. Next, we give a lower bound for the generating

series of the codimension sequence in cases when the number of

defining identities is bounded in each arity. This lower bound is

a formal power series solution of some algebraic equation whose

coefficients encode dimensions of spaces of generators and rela-

tions of the operad. In particular, this gives explicit lower bounds

for the codimensions. The bound becomes an equality (that is, it

gives a formula for the generating function of the operad) if the

operad satisfies a simple homological condition, that is, it has right

homological dimension at most two.

Then, we give upper bounds for the generating functions of the

codimension sequences of arbitrary operads. This upper bound is

equal to the generating series of the monomial operad correspond-

ing to any partial Groebner basis of a given operad. Under some

mild conditions on defining monomial relations of the monomial

operad, this lower bound is the formal power series solution of a

differential algebraic equation or a pure algebraic equation. So, this

bound occurs to be an equality if the operad under consideration

has finite Groebner basis. Note that there are operads for which

both of our bounds become equalities.

Consider, for example, the variety of alia algebras introduced by

Dzhumadildaev, that is, the variety of non-associative algebras that

are satisfying the identity

{[x1,x2],x3} + {[x2,x3],x1} + {[x3,x1],x2} = 0,

where [a,b] = ab − ba and {a,b} = ab + ba, these algebras are also
referred to as 1-alia algebras [9]. It is shown in [16, Example 3.5.1]

that the corresponding operad Alia has quadratic Groebner basis

(in particular, it is Koszul). Its generating seriesy = Alia(z) is equal
to the generating series of the corresponding quadratic monomial

operad. Moreover, the relations of themonomial operad are symmet-

ric regular (see Section 6), so that y satisfies an algebraic equation

y −y2 +y3/6 = z. On the other hand, it follows that the generating

series of the quadratic dual operad is Alia!(z) = z + z2 + z3/6. It
follows that the operad Alia has a homological dimension of two,

so that our lower bound becomes an equality too. Indeed, Corol-

lary 4.3 implies that the lower bound y = y(z) satisfies the same

algebraic equation.

The plan of the paper is as follows. In Section 2 we briefly recall

what varieties of algebras and algebraic operads are. In particular,

we give a brief ‘phrase-book’ for explaining operads in terms of

varieties and vice versa. In Section 3, we explain a theoretical ob-

struction for determining growth of an operad. First, we show that

for sufficiently large n the set of generating functions of quadratic

operads generated by n binary operations (= set of codimension

series of varieties of algebras with n binary operations) is infinite.

This solves a conjecture by Bremner and Dotsenko negatively [3,

Conjecture 10.4.1.1]. Moreover, we show that there does not ex-

ist an algorithm which, given a list of generators and relations of

a non-symmetric operad known to have an exponential growth,

always decides whether the exponent of the growth is equal to a

given rational number. This means that there is no algorithm to

decide that, given a set of generators and identities of a variety of

multioperator algebras such that its codimensions cn grow approxi-

mately as n!cn for some c ≥ 1, whether c is equal to a given rational

number. So, the asymptotic growth of a variety defined by a finite

number of identities is not algorithmically recognized in general.

In Section 4 we give estimates for the dimensions of the compo-

nents of operads provided that the number of defining identities

in each degree is bounded. In this case, the generating series of an

operad is bounded below by an algebraic function depending only

on degrees and arities of generators and identities. Particularly, we

use an operadic version of the Golod–Shafarevich theorem [21] to

establish the lower and upper asymptotic bounds of type cn (2n)!
n!

for quadratic operads generated by at least two non-symmetric op-

erations with bounded number of defined relations in each degree.

In Section 5 we briefly recall the foundations of the theory of

Groebner bases for operads [6]. Then we discuss the operads with

finite Groebner bases. The generating function of such an operad

is equal to the generating function of the corresponding monomial
operad. So, in the next Section 6 we discuss finitely presented mono-

mial operads. We recall that under some mild symmetry conditions

the generating function of such operad does satisfy an algebraic

differential equation. We also briefly describe an algorithm to gen-

erate such an equation based on the results of [16]. We focus on

the additional conditions that imply that the obtained equation is

in fact algebraic or even rational. In the last two cases the asymp-

totics of the generating function coefficients can be recovered by

the standard computer algebra tools.

2 OPERADS AND VARIETIES
For the details on operadswe refer the reader to themonographs [18]

and [17]; see also the textbook [3].

2.1 A definition of operad
We consider multioperator linear algebras over a field k of zero

characteristic. LetW be a variety of k–linear algebras (without
constants, with identity and without other unary operations) of

some signature Ω. We assume Ω is a finite union of finite sets

Ω = Ω2 ∪ · · · ∪Ωk where the elements ω of Ωt act on each algebra

A ∈W as t-linear operations, ω : A⊗t → A. Recall that a variety is

defined by two sets, the signature Ω and a set of defining identities

R. By the linearization process, one can assume that R consists of

multilinear identities. Consider the free algebra FW (x) on a count-

able set of indeterminates x = {x1,x2, . . . }. Let Pn ⊂ F be the

subspace consisting of all multilinear generalized homogeneous

polynomials on the variables {x1, . . . ,xn }, that is, Pn is the compo-

nent FW (x)[1, . . . , 1, 0, 0, . . . ] with respect to the Z∞-grading by

the degrees on xi .

Definition 2.1. Given such a varietyW , the sequence PW = P :=

{P1,P2, . . . } of the vector subspaces of F
W (x) is called an operad1.

The n-th component Pn may be identified with the set of all

derived n-linear operations on the algebras ofW ; in particular, Pn
carries a natural structure of a representation of the symmetric

group Sn . Such a sequence Q = {Q(n)}n∈Z of representations Q(n)

1
More precisely, symmetric connected k–linear operad with identity.
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of the symmetric groups Sn is called an S–module, so that an op-

erad carries a structure of S-module with Pn = P(n). Also, the
compositions of operations (that is, a substitution of an argument

xi by a result of another operation with a subsequent monotone

re-numbering the inputs to avoid repetitions) gives natural maps

of S∗-modules ◦i : P(n) ⊗ P(m) → P(n +m − 1). Note that the

axiomatization of these operations gives an abstract definition of

operads, see [18] for the discussion.

Note that the signature Ω can be considered as a sequence of

subsets of P with Ωn ⊂ Pn . Then Ω generates the operad P up to

the S–module structure and the compositions ◦i so that it is called

a set of generators of the operad.
More generally, the S-module X generated by Ω is called the

(minimal) module of generators of the operad P. It can be also

defined independently of Ω as X = P+/(P+ ◦ P+) where P+ =

p2 ∪ p3 ∪ . . . and ◦ denotes the span of all compositions of two

S-modules. Then one can define a varietyW corresponding to a

(formal) operad P by picking a set Ω of generators of X to be the

signature and considering all relations in P as defining identities

of the variety, so that the varietyW can be recovered by P “up to a

change of variables”. Moreover, one can consider the algebras from

W as vector spacesV with the actions P(n) : V ⊗n → V compatible

with compositions and the S-module structures, so that the algebras

ofW are recovered by P up to isomorphisms.

Given an S-module X , one can define also a free operad F (X )

generated by X as the span of all possible compositions of a basis

of X modulo the action of symmetric groups. For example, the free

operad F (SΩ) on the free S-module SΩ corresponds to the variety

of all algebras of signature Ω.
One can define a simpler notion of non-symmetric operad as a

union P = P1 ∪ P2 ∪ . . . with the compositions ◦i as above but

without actions of the symmetric groups. To distinguish them, we

refer to the operads defined above as symmetric. Each symmetric

operad can be considered as a non-symmetric one. Moreover, to

each non-symmetric operad P one can assign a symmetric operad

P where Pn = SnPn is a free Sn module generated by Pn . Then P is

called a symmetrization of P . In particular, here dimPn = n!dim Pn .
An n-th codimension of a varietyW is just the dimension of the

respective operad component: cn (W ) = dim kPn for P = PW . We

consider both exponential and ordinary generating series for this

sequence:

EP (z) :=
∑
n≥1

dimP(n)

n!
zn ,GP (z) :=

∑
n≥1

dimP(n)zn . (2.1)

For example, if P is a symmetrization of a non-symmetric operad

P then EP (z) = GP (z). By generating series of a symmetric operad

P we mean the exponential generating function P(z) = EP (z).
In contrast, for a non-symmetric operad P its generating series is

defined as the ordinary generating function P(z) = GP (z). In the

case of varieties, both the ordinary and exponential versions of the

codimension series are studied.

If the set Ω is finite then the series P(z) defines an analytic func-

tion in a neighborhood of zero. For example, the non-symmetric op-

erad Ass of associative algebras is the operad defined by one binary

operationm (multiplication) subject to the relationm(m(x1,x2),x3)) =

m(x1,m(x2,x3)) which is the associativity identity. Its n-th com-

ponent consists of the only equivalence class of all arity n com-

positions of m with itself modulo the relation, so that Ass(z) =
GAss(z) =

z
1−z . Its symmetrization is the symmetric operad Ass

generated by two operationsm(x1,x2) andm
′(x1,x2) =m(x2,x1)

with the S2 action (12)m′ = m subject to all the relations of the

formm(m(xi ,x j ),xk )) = m(xi ,m(x j ,xk )). By the above, we have

E Ass (z) = Ass (z) = Ass(z) = GAss(z), so that dim Ass n = n!.
For the reader’s convenience, let us give an approximate trans-

lation table in a phrase-book style for the two languages of linear

universal algebra. Here the objects at the same line are in corre-

spondence up to a choice of signature while the last two strings

represent equalities.

variety — the category of all algebras

over an operad

subvariety — quotient operad

signature — set of generators

identities — relations

free algebra — free operad

free algebra of a variety — operad

n-th codimension = dimension of the n-th component

(ordinary or exponential) = (ordinary or exponential)

codimension series generating series

3 GENERAL ALGORITHMIC
UNDECIDABILITY

In the next theorem, we assume that the field k is computable.

Theorem 3.1. Consider the set of non-symmetric quadratic oper-
ads P defined by a fixed finite set x of generators and some set r of
quadratic relations on x . Let H(x) be the set of ordinary generating
functions of all such operads with various r . Then there is a natural n
such that if |x | ≥ n then

(i) the set H(x) is infinite;
(ii) for some x and some rational function Q(z) with integral coef-

ficients, there does not exist an algorithm which takes as an input the
list r such that there is a coefficient-wise inequality P(z) ≤ Q(z) and
returns TRUE if the equality P(z) = Q(z) holds and FALSE if not;

(iii) for some x and some rational number q, there does not exist
an algorithm which takes as an input the list r such that c(P) ≤ q
for c(P) = lim supn→∞

n√dim Pn and returns TRUE if c(P) = q and
FALSE if c(P) < q.

Note that Dotsenko and Brenner conjectured that ‘for given ari-

ties of generators a1, . . . ,ad and weights of relations w1, . . . ,wr ,

the set of possible Hilbert series of operads with these types of gen-

erators and relations is always finite’ (see [3], Conjecture 10.4.1.1).

So the part (ii) of Theorem 3.1 solves this conjecture negatively

even in the case a1 = · · · = ad = 2 and w1 = · · · = wr = 3. Using

the family of algebras from [13, Example 3.1] in place of the algebra

A in the proof below we see that one can put here d = r = 3.

Proof. It is pointed out by Dotsenko [5] that each graded con-

nected associative algebra A = A0 ⊕ A1 ⊕ . . . (where A0 = k) can
be considered as a non-symmetric operad P = P(A) by putting

Pk = Ak−1 for all k ≥ 1, Am ◦i An = 0 for i ≥ 2 and a ◦1 b = ab for

homogeneous a,b ∈ A. Moreover, the operad P is quadratic if A is

quadratic. In this case the relations of P can be easily recovered by
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the relations of A. Obviously, the ordinary generating function of

P is P(z) = zA(z) where A(z) =
∑
k≥0 dimAk is the Hilbert series

of the algebra A. Moreover, in this case

c(P) = lim sup

n→∞

n
√
dim Pn = lim sup

n→∞

n
√
dimAn−1

= lim

n→∞

n
√
dimAn

is the exponent of growth (aka entropy) h(A) of the algebraA. Parts
(i) and (ii) follow from the corresponding theorems on the Hilbert

series of quadratic algebras by [1]. The theorem on the exponent of

growth of quadratic algebras which is analogous to (iii) has been

proved in [20] using Anick’s construction. So, part (iii) follows as

well. �

In fact, one can show even more in part (iii). It follows from

the results of [1] and [20] that there is a quadratic polynomial

f (z) = 1 − дz + rz2 with two rational roots p−1 and q−1 (where
q is the number from the part (iii) and |p | < q) such that either

dim Pn < γcn
2
for all n with γ > 0, 0 < c2 < q or A(z) = 1/f (z).

In the last case, the sequence {dim Pn } is a linear recurrence of

order 2, so that dim Pn = αqn + βpn � αqn for some α , β > 0.

For the symmetrization P of P with dimPn = n!dim Pn we have

dimPn < γc
n
2
n! in the first case and dimPn � αqnn! in the second

case. By part (iii), there is no algorithm to separate these two cases.

This means that there is no algorithm to recognize the asymptotic

growth both for symmetric and non-symmetric operads.

4 ESTIMATES FOR THE GROWTH OF
OPERADS

In this section, we discuss an approach to lower bounds for gener-

ating series of symmetric operads based on the results of [21]. Note

that Dotsenko has obtained the same results and even more in the

case of monomial shuffle operads [4, Section 3].

The next theorem is an operadic version of famous Golod–

Shafarevich theorem which gives a criterion for an associative

algebra to be infinite-dimensional [12]. The proof of the first state-

ment of it is sketched in [21, Theorem 4.1].

Theorem 4.1. Let P be a symmetric operad minimally generated
by an S-module X ⊂ P with a minimal S-module of relations R ⊂

F (X ). We assume here that both these S-modules are locally finite,
that is, all their graded components are of finite dimension.

Suppose that the formal power series t/f (t) has non-negative coef-
ficients, where f (t) = t − X (t) + R(t). Then the operad P is infinite
and there is a coefficient-wise inequality of formal power series

P(z) ≥ f [−1](z),

where f [−1](z) is the composition power series inverse of f (t).

Proof. We are working in the category of right graded modules

over the operad P. Consider the trivial bimodule I = P/P+ (where

P+ = P(2) ⊕ P(3) ⊕ . . . is the maximal ideal of P, as before). For

the generators of the beginning of its minimal free resolutions, we

have Tor
P
0
(I , I ) � I , Tor P

1
(I , I ) � X and Tor

P
2
(I , I ) � R, see [21,

Sec. 3]. This means that the beginning of the resolution looks as

0 → Ω3 → R ◦ P
d2
→ X ◦ P → P → I → 0, (4.1)

where Ω3
is the kernel of d2.

Obviously, the formal power series Ω3(z) has nonnegative coef-
ficients. Taking the Euler characteristics of the exact sequence (4.1),

we get an equality of formal power series

Ω3(z) = (R ◦ P)(z) − (X ◦ P)(z) + P(z) − I (z) ≥ 0.

Since I (z) = z, we obtain a coefficient-wise inequality

R(P(z)) − X (P(z)) + P(z) − z ≥ 0,

or

f (P(z)) = z + Ω3(z) ≥ z.

Let y = z + Ω3(z). By the Lagrangian inverse formula, we have

P(z) = f [−1](y) =
∑
i≥0

πn
n!

yn ,

where πn is the value of the derivative
dn−1
dtn−1

(
t

f (t )

)n
at t = 0.

Since the formal power series t/f (t) has nonnegative coefficients,

it follows that the series

(
t

f (t )

)n
and all its derivations satisfy this

property as well. It follows that πn ≥ 0 for all n ≥ 0. Moreover,

if akz
k
is any positive summand in the decomposition of t/f (t),

then for every n ≥ 0 we have πkn+1 ≥ (kn)!

(
kn + 1

n

)
ak > 0, so

that the series f −1(y) is infinite with nonnegative coefficients. It

follows that P(z) = f [−1](z + Ω3(z)) ≥ f [−1](z). In particular, the

series P(z) is infinite. �

Corollary 4.2. Let P be a symmetric operad and let X and R be
as above. Suppose that P is generated by binary operations (that is,
X = X (2)). Suppose that the function

ϕ(z) = 1 −
X (z)

z
+
R(z)

z
is analytic in a neighbourhood of zero (it is always the case if X is
finitely generated) and has a positive real root z0 in this neighbour-
hood. Then the dimensions of the operad’s components satisfy the
inequalities

(2n)!

(n − 1)!
z−n
0

≤ dimPn+1 ≤
(2n)!

n!
(dimX/2)n .

Proof. In the above notations, we have

P(z) = f [−1](y) =
∑
n≥0

πn
n!

yn ≥
∑
n≥0

πn
n!

zn ,

where πn is the value of the derivative
dn−1
dtn−1 (ϕ(z)

−n ) at z = 0. This

means that πn/(n−1)! is the coefficient of zn−1 in the formal power

series ϕ(z)−n .
Put a = dimX/2. The series ϕ(z) has the form 1 − az + z2r (z),

where a > 0 and the series r (z) has nonnegative coefficients. Then

it follows from [19] that there is a coefficient-wise inequality

ϕ(z)−1 ≥
∑
k≥0

z−k
0

zk = (1 − z/z0)
−1.

Using the binomial theorem, we get

ϕ(z)−n ≥ (1 − z/z0)
−n =

∑
k≥0

(n + k − 1)!

k!(n − 1)!
z−k
0

zk .

So, we get the first inequality:

dimPn+1 ≥ πn+1 ≥ n!

(
(2n)!

n!(n − 1)!
z−n
0

)
=

(2n)!

(n − 1)!
z−n
0
.
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On the other hand, for the free operad F generated by X we have

R = 0 and Ω3 = 0, so that

F (z) = (t − X (t))[−1] = (t − at2)[−1] =
1 −

√
1 − 4az

2a

=
∑
n≥0

zn+1Cna
n ,

where Cn =
(2n)!

n!(n+1)! is the n-th Catalan number. The coefficient-

wise inequality F (z) ≥ P(z) gives the second inequality dimPn+1 ≤
(2n)!
n! (dimX/2)n . �

Consider, in particular, the case of quadratic operad, that is, an

operad having generators of arity 2 and relations of arity 3 only.

Corollary 4.3. Let P be a quadratic symmetric operad, that is,
X = X (2) and R = R(3), and let c = dimX and d = dimR. If
d ≤ 3c2/8, then

P(z) ≥ (z −
c

2

z2 +
d

6

z3)[−1].

In particular, (2n)!
(n−1)!z

−n
1

≤ dimPn+1 ≤
(2n)!
n! (c/2)n , where

z1 = 3
c/2−

√
c2/4−2d/3
d .

Remark 4.4. Note that the inequality of Corollary 4.2 can be re-

written in the form cn
1
nn ≤ dimPn ≤ cn

2
nn where the constants

c1 and c2 are constructively recovered by the generators and the

relations of the operadP. In general, this result cannot be effectively

re-written in the form dimPn ∼ cnnn because even if such c exists
it cannot be algorithmically recognized according to Theorem 3.1.

Note that for infinitely presented operads similar asymptotics

does not generally exist even for operads generated by a single bi-

nary operation, that is, for a variety of non-associative algebras [22].

5 MONOMIAL BASES AND GROEBNER BASES
IN OPERADS

The Groebner bases in operads are introduced in [6]. We also refer

the reader to [17] and [3] for the details. Here we briefly recall some

basics.

Fix a discrete set Ω of generators of a (symmetric or non-

symmetric) free operad. A nonsymmetric monomial is a multiple

composition of operations from Ω. A symmetric monomial is a
nonsymmetric monomial applied to pairwise different variables

xi1 ,xi2 , . . . as a composite operation. Each monomial is represented

by a rooted planar tree with internal vertices labelled by operations.

We assume that the edges of the tree lead from the root to the leaves

which are free edges. In the case of symmetric monomial, the leaves

are also labelled by the variables xi1 ,xi2 , . . .
All non-symmetric monomials (including the empty monomial

corresponding to the identical operation) form a linear basis of

the free non-symmetric operad generated by Ω. In contrast, all

symmetric monomials generate the free operad F = F (SΩ) as a
linear dependent set. To describe a linear basis of F , let us mark

each edge in the tree by the minimal label of a leaf which can be

reached from that edge. A symmetric monomial is called shuffle
monomial if for every internal vertex and for the root, the minimal

edge leading from it is the leftmost. Then the shuffle monomials

labelled by the sets {x1, . . . ,xn } in some ordering (where for each

monomial n is equal to its arity) form a linear basis of F .

Two non-symmetric monomials are called isomorphic if they

are isomorphic as labelled trees. Two symmetric monomials are

isomorphic if the underlying non-symmetric monomials are iso-

morphic and the lists of the labels of their leaves collected from the

left to the right are isomorphic as ordered sets. A (non-)symmetric

monomial P is divisible by a (non-)symmetric monomial Q if Q is

isomorphic to a submonomial of P where ’submonomial’ means

a labelled subtree with the labels on leaves induced by the labels

on the free edges. For example, see Figure 1 (copied from [16])

to ensure that the shuffle monomial д(f (f (x1,x3), д(x2, f (x4,x9),
д(x5,x6,x11))),x7, f (x8,x10)) is divisible by the shuffle monomial

f (x1,д(x2,x3,x4)).
A shuffle composition is a composition of two shuffle monomials

(as trees) whose leaves are labelled in such a way that the compo-

sition is again a shuffle monomial and the composed monomials

are isomorphic to the corresponding submonomials of the result.

The symmetric operads considered as sequences of vector spaces

generated by shuffle monomials coupled with the set of all shuffle

compositions are called shuffle operads. It the theory of Groebner

bases, the (abstract) shuffle operads are considered in place of the

symmetric operads so that the actions of the symmetric groups are

not used here.

There are families of orderings on the sets of non-symmetric and

shuffle monomials which are compatible with the corresponding

compositions. This defines the notion of the leading term of an

element of free operad and leads to a rich Groebner bases theory.

The theory includes a version of the Buchberger algorithm [6] and

even the triangle lemma [3]. We say that an operad P has a finite

Groebner basis (of relations) if the ideal of its relations admits a

finite Groebner basis as an ideal of a free operad. Whereas general

operad has no finite Groebner basis, a number of important operads

(including the classical operads of commutative, associative and Lie

algebras) admit such bases.

The only known implementation of Groebner bases algorithms

for operad is the Haskell packageOperads [8]. Its slightly improved

version with some bugs fixed by Andrey Lando can be downloaded

at https://github.com/Dronte/Operads . Experiments with operads

of non-associative algebras (that is, operads generated in arity two

by a two-dimensional subspace) provided by Lando show that recent

version of the package allows to calculate (in a standard laptop) the

Groebner basis of an ideal generated by identities of degree 3 up

to degree 6. The last degree is essentially less than the degree in

some analogous calculations for associative algebras provided, e. g.,

by BERGMAN. One could hope that new algorithms (including

a possible F4 algorithm for operads which could generalize an

analogous algorithm for Groebner–Shirshov bases in associative

algebras [14]) and new implementation principles will essentially

extend the performance of the computer algebra software for such

calculations.

6 GROWTH AND GENERATING SERIES FOR
OPERADS WITH FINITE GROEBNER BASES

The generating series of an operad with known Groebner basis

is equal to the generating series of the corresponding monomial
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Figure 1: Divisibility of shuffle monomials

operad, that is, a shuffle operad or a non-symmetric operad whose

relations are the leading monomials of the corresponding Groebner

basis. The dimension of the n-th component of a monomial operad

is equal to the number of the monomials of arity n which are not

divisible by the monomial relations of the operad. In this section,

we consider the monomial operads only. Suppose that we know a

(finite) subset G̃ of the Groebner basis G of an operad P. Then we

get a coefficient-wise inequality

P̃(z) ≤ P(z)

for the monomial operad P̃ whose relations are the leading mono-

mials of the elements of G̃ . This lower bound for P(z) complements

the inequality of Theorem 4.1.

That is why the generating series of monomial operads defined

by finite sets of monomial relations is of our interest here. For such

an operad, the calculation of the dimensions of its components

is a purely combinatorial problem of enumeration of the labelled

trees which does not contain a subtree isomorphic to a relation as

a submonomial (a pattern avoidance problem for labelled trees),

see [7]. Unfortunately, this problem is too hard to be treated recently

in its full generality. In this section we discuss some partial methods

based on the results of [16].

First, let us discuss a simpler case of non-symmetric operads.

Theorem 6.1 ([16], Th. 2.3.1). The ordinary generating series of
a non-symmetric operad with finite Gröbner basis is an algebraic
function.

One of the methods for finding the algebraic equation for the

generating series of a non-symmetric operad P defined by a finite

number of monomial relations R is the following. We consider the

monomials (called stamps) of the level less than the maximal level

of an element of R which is nonzero in P . For each stampm =mi ,

we consider the generating function yi (z) of the set of all nonzero
monomials which are left divisible bymi and are not left divisible

bymt with t < i . Then the sum of all yi (z) is equal to P(z). The
divisibility relations on the set of all stamps leads to a system of N
equations of the form

yi = fi (z,y1, . . . ,yN )

for each yi = yi (z), where fi is a polynomial and N is the number

of all stamps. Note that the degree di of the polynomial fi does not

exceed the maximal arity of generators of the operad P . Then the

elimination of the variables leads to an algebraic equation of degree

at most d = d2
1
. . .d2N on P(z).

A couple of similar algorithms which in some cases reduce either

the number or the degrees of the equations are also discussed in [16].

Knowing an algebraic equation for P(z), one can evaluate the

asymptotics for the coefficients dim Pn by well-known methods [10,

Theorem D].

Let us consider the case of shuffle operad. A set M of shuffle

monomials is called shuffle regular if for each m ∈ M the set M
also contains all shuffle monomials which are obtained from m
by permutations of the labels on the leaves. Moreover,M is called

symmetric regular if for each other planar representation of the

labelled treeT defined bym, all shuffle monomials that are obtained

from T by permutations of the leaf labels also belong toM .

Theorem 6.2 ([16], Cor. 0.1.4 and Th. 3.3.2). Let P be symmetric
operad with a finite Gröbner basis, and let M be the set of leading
terms of the elements of the Groebner basis.

(a) If the setM is shuffle regular, then P(z) is a differential alge-
braic, that is, it satisfies a non-trivial algebraic differential equations
with polynomial coefficients.

(b) If the setM is symmetric regular, then P(z) is algebraic.

The differential equation in the part (a) is obtained by a similar

way as the algebraic equation in Theorem 6.1. Similar arguments

lead to a system of equations of the form

yi = Ci (z,y1, . . . ,yN ),

where Ci is a linear combination of the multiple compositions

of the operation C(f ,д)(z) :=
∫ z
0

f ′(w)д(w)dw where f and д
are formal power series. The terms in the equations encode the

overlapping of stamps as it is clear from the example considered

below. A multiple differentiation then leads to a system of algebraic

ordinary differential equations on y1, . . . ,yN . The elimination of

variables gives a single differential equation on P(z).
Note that in many examples, the function P(z) happens to be

essentially simpler than one may expect.

Consider an example [16, Example 3.5.3]. Let N be an operad

with one binary operation (multiplication) subject to the identity

[x1,x2][x3,x4] = 0,
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where [a,b] = ab − ba (this identity holds in the ring of the

upper-triangular matrices of order two over a non-associative

commutative ring). The corresponding shuffle operad N is gen-

erated by two binary generators, namely, the multiplication µ and

α : (x1,x2) 7→ [x1,x2]. Then the above identity is equivalent to the

pair of shuffle regular monomial identities

f1 = µ(α(-, -),α(-, -)) = 0 and f2 = α(α(-, -),α(-, -)) = 0.

Therefore, the ideal of relations of the shuffle operadN is generated

by the following six shuffle monomials obtained from f1 and f2 by
substituting all shuffle compositions of four variables (which we

denote for simplicity by 1,2,3,4):

m1 = µ(α(1, 2),α(3, 4)), m2 = µ(α(1, 3),α(2, 4)),
m3 = µ(α(1, 4),α(2, 3)), m4 = α(α(1, 2),α(3, 4)),
m5 = α(α(1, 3),α(2, 4)), m6 = α(α(1, 4),α(2, 3)).

The operadN is monomial, so that the monomialsm1, . . . ,m6 form

Groebner basis for it. Let us describe the set B of all stamps of all

nonzero monomials in N . Since the relations have their leaves at

level 2, B includes all monomials of level at most one, that is, the

monomials

B0 = Id ,B1 = µ(-, -),B2 = α(-, -).

For the corresponding generating series yi = yi (z) with i = 0, 1, 2

we have
y0 = z,
y1 = C(y0,y0) +C(y1, z) +C(z,y1) +C(y2, z)

+C(z,y2) +C(y1,y1) +C(y1,y2) +C(y2,y1),
y2 = C(y0,y0) +C(y1, z) +C(z,y1) +C(y2, z)

+C(z,y2) +C(y1,y1) +C(y1,y2) +C(y2,y1).

Here all terms correspond to compositions of stamps, e.g., the term

C(y1,y2) in the second line denotes ‘the stamp of the composition

µ(B1,B2) is B1’ etc.
We see that y1(z) = y2(z) and N(z) = y(z) = y0(z) + y1(z) +

y2(z) = z + 2y1(z). The second equation of the above system gives,

after differentiation, a differential equation on y1 which is equiva-

lent to the equation

(y′(z) − 1)(2 − z − 3y(z)) = 4y(z)

ony(z)with the initial conditiony(0) = 0. Surprisingly, the solution

of this non-linear differential equation is an algebraic function

N(z) = y(z) = 1

3

(
2 − z − 2

√
1 − 4 z + z2

)
= z + z2 + 2 z3 + 19

4
z4 + 25

2
z5 + 281

8
z6 + 413

4
z7 + o(z7)

On the other hand, one can see that the set { f1, f2} is symmetric

regular. This leads to additional symmetries in the above integral

equations. Using the identities y1 = y2,y0 = z and applying the

formula C(f ,д) +C(д, f ) = f д, we get the functional equation

2y1 = z2 + 4zy1 + 3y
2

1

which immediately implies the same formula for N(z).
In fact, in all examples considered in [16] the resulting functions

P(z) are holonomic, that is, these functions satisfy linear differen-

tial equations with polynomial coefficients. This means that their

coefficient asymptotics can be calculated by recent computer al-

gebra tools, see in particular [15]. We see that in these cases the

ODE system generated by our algorithm imply a linear ODE with

polynomial coefficients. For more complicated examples, one could

apply the tools based on the differential algebra elimination theory

to obtain a single differential or functional equation for P(z) in its

simpler form.

If the growth of the operad is bounded, our equations give even

more. The next theorem explains, in particular, why so simple op-

erad as the operad Com of commutative algebras has non-algebraic

exponential generating function ez − 1.

Theorem 6.3. Let P be an operad with a finite Gröbner basis and
letM be the set of its leading terms. Suppose that either

(i) P is non-symmetric and the numbers dimP(n) are bounded
by some polynomial in n
or

(ii)M is shuffle regular and the dimensions dimP(n) are bounded
by an exponential function an for some a > 1.
Then the ordinary generating series GP (z) is rational.

Of course the methods for finding the asymptotics of coefficients

of such rational functions are well-known for centuries. In this case

the sequence of codimensions is linear recurrent.
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