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Abstract

In this talk, we discuss the operation of Hermitian transpose in ternary Clif-
ford algebras [1, 2, 3] and the corresponding unitary group SU(3), which is
important for physical applications. The explicit basis of the corresponding
Lie algebra su(3) is presented. We introduce a grade automorphism in ternary
Clifford algebras and prove a number of its properties. The results are gen-
eralized to the case of Generalized Clifford algebras and the corresponding
unitary groups of other dimensions.

Below we present an extended abstract of the talk. The operation (14) is
considered for the first time. Theorems 2.1, 2.2, 3.1, 3.2 are new. Realizations
of determinant and Lie group SU(3) (see Sections 4 and 5) in ternary Clifford
algebra are new. More details and proofs of theorems will be presented in [5].

1 Ternary and generalized Clifford algebras

1
Let us consider a ternary Clifford algebra with two generators C¢3 [1]. The
generators satisfy

et =eh =1, (1)

€162 = wegeq, w=¢e3s . (2)

An arbitrary element U € C’EQ% has the form

2

U= ik 2 2 3

= ujkeles = ugoe + urpe1 + Upiez + Ugpet + upzes + ur1e1e2 (3)
j,k=0

2 2 2 2
+ugieies + uizeres + ugoeies, ujr € C. (4)
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Tab. 1: Multiplication table in Céé .

The multiplication table is the following (see Table 1).
Let us consider the following explicit matrix representation (isomorphism)

B:C5 — Mat(3,C).

We use the following matrices

1 0 0 0 1 0 1 0 O
Bley=10 1 0 [,Bler)=]|0 0 1 |,Be)=]0 w 0 [,
0 0 1 1 0 0 0 0 w?
0 0 1 1 0 0
Be=|1 0 0 |.B8H=]0 w? 0|,
0 1 0 0 0 w
0 w 0 0 0 w?
Blewz)=]0 0 w? |,B(efe)=|1 0 0 |,
1 0 O 0 w O
0 w? 0 0 0 w
Blered)=1 0 0 w |,Blel)=|1 0 0
1 0 0 0 w? 0

1
For an arbitrary U € Cl3, we get

2 2
upo + o1 + Up2 U F WUl + W U2 U0 F+ WlU22 + W U2
BU) = | wao+ug1 +usz o +wugr +w?uge  uip + wuiz + w?uir | . (5)
w10 + U1 + U1z Uz + wuor + wiuss  ugo + wuge + wlugr

1
Let us consider the generalized Clifford algebra C¢; with n generators that
satisfy

e =e, ji=1,...,n, (6)

. i 2mi
eie; = weje;, i< g, w=em. (7



We have dim(Céi ) = m™. An arbitrary element U € C’Eﬁ% has the form

m—1
— I £
U= > uj j.elt el (8)
J1seesdn=0
m—1 m—1
= uop...0€ + U10...061 + -+ Up..01€n + F Un—1..m-1€61 "€,

We have the following particular cases. In the case m = 2, we obtain standard
(complex) Clifford algebra C¢,, [4]. In the case m = 3, we obtain ternary

Clifford algebra C’Eé .

2 Grade authomorphism in C&%

1
Let us consider the subspace Céﬁ’k of grade k with the basis elements that
are products of k£ generators. We have

2n

ces = P, (9)
k=0

It is easily verified that

[Eti)
criten ¢ @ oyt (10)

5=0

We have
ci =o'V ooV oc®, o™= @ cw’ ()
j=kmod3

We have Zs-grading (see [1]):

3 1.0 1 }) m
Cgﬁv(k)cggvu) g Cé%’(k+J) od3 (12)

We use the notation
2
l, k
U:ZU(j), U(j)GCr?i( ). (13)

Let us consider the following operation (grade authomorphism)
. 1
U:="Uq) +wUn) +w?Upz, UeCl. (14)
We have
3.(k) 3.7 k
Cti"" ={U et :U=uw"U}, k=0,1,2. (15)



1
Theorem 2.1: The operation (14) in C¢; has the properties

=U, (WU+BV)" =alU+pV, UV=0UV. (16)

SHN

1
Theorem 2.2: The operation (14) in C¢3 is an inner authomorphism.

1
In the particular case Cl;, we have

U=T"'UT, T =:¢ce,. (17)
3 Lie groups
Theorem 3.1: The center of C’Eni has the form

cen(C&%) = {de, AeC} (18)
in the case of even n and

1
cen(Cl) = {e + aeje) el el + Belel el €2 + - (19)
+gel tede T em T )\,a,ﬁ, Q€ (C} (20)

in the case of odd n.

The particular case of this theorem for ternary Clifford algebras (the case
m = 3) is considered in [1]:

cen(C&%) ={de+aeledel---eh + Bedesei €2, M\ a,B€C}  (21)

n?

1
Let us denote the group of all invertible elements of the center of C¢;* by Z*.
Let us consider the groups

r® .= (recty ety VT c o™y, k=01, ,m—1;
m—1

p=2z*J ™. (22)
k=0

1 1
Lemma 3.1: Suppose T' € C¢; is invertible. If T' Cfﬁ’(k), k=0,1,...,m—
Lo(— m
1, then Tt € Cﬁﬁ’( k) mod m
Theorem 3.2: The following Lie groups coincide:

r®=p  k=0,1...,m—1 (23)



4 The determinant and inverse

Let us introduce the notion of determinant of multivector U € C€§ :
det(U) := det(B8(U))
for an arbitrary matrix representation of minimal dimension
B: 3 — Mat(3,C). (24)
For (4), we get
det(U) = ugy + w3y + udy + usg + upy + ufy +udy +uiy +uly (25)
—3(uoouo1Uo2 + Ur0U11UI2 + UoUT0U20 + Uo1UI1 U1 + Up2U12U22

FugoUa1Usz) — 3w(uprui2Uao + UoaU10U21 + UpoU11U22)

2
—3w= (upau11U20 + UooU12U21 + U1 UT0U22)

Let us introduce the operation

4
Ui=Up=> U=2U—U, UeCti, UpecCti".
k=1

For the coefficients Cy), k = 1,2, 3 of characteristic polynomial of an arbitrary
1

multivector U € Cl3, we get:

3 _
Uy =U,  Cu=3U)=5U+U) (26)
1 _
U(Q) = U(U — C(l)) = 7§U(U+3U)’ (27)
_3 _ 32 _35m 959
Coy = 5{U@)o = —gU" = gU? = 2U = 20, (28)
det(U) = —Ug) = =Cis) = —U(U — C(z)) (29)
— Yy 32, 3, O
— —U( U+ 3U% + 202 + D). (30)

In the case det(U) # 0, we get an explicit formula for the inverse:

17U +3U°% + 302+ 9U

u 8det(U) (1)
5 The Lie group SU(3) and the Lie algebra su(3)
Let us consider the following operation of Hermitian conjugation [1]:

UM =Uly, g enmests YU € 0L, (32)



For the matrix representation £ of minimal dimension (24), we have
(BN =W
Let us consider the Lie group
Gy ={Uecti: UlU=e det(U)=1}, (33)

where det is defined by (30).
1
The Lie group G3 is isomorphic to SU(3).
The corresponding Lie algebra has the following form

gl ={Uect: U'=-U t(U)=0}~su3). (34)
Lemma 5.1: The basis of su(3) is
iey, e, €2, iea, iejey, ieley, ieies, ieies. (35)

Another basis of su(3) is constructed using well-known Gell-Mann matrices
(with multiplication by imaginary unit 7). The relation between these two

bases is presented in [2].
1

In the case of generalized Clifford algebras Cl;*, we have the following iso-
morphisms with unitary groups.
If n is even, then

G = {UeCty : UW=e}~Um?) (36)
If n is odd, then
G ={Uecty . UWU=¢} =~Um* ™) x Um™) x --- x Um"="), (37)

where we have m multipliers.

The Lie group SU(3) and its Lie algebra su(3) are widely used in physics to
describe strong interactions in quantum chromodynamics. Presented realiza-
tions of unitary Lie groups and algebras can be useful in different application
of ternary and generalized Clifford algebras in physics and computer science.

References

[1] Cerejeiras, P., Vajiac, M. Ternary Clifford Algebras. Adv. Appl. Clifford
Algebras 31, 13 (2021). https://doi.org/10.1007/s00006-020-01114-3

[2] Kerner, R., Lukierski, J.: Internal quark symmetries and colour SU(3)
entangled with Zs-graded Lorentz algebra. Nucl. Phys. B (2021)



[3] Cerejeiras, P., Fonseca, A., Vajiac, M., Vieira, N.: Fischer decomposition
in generalized fractional ternary Clifford analysis. Complex Anal. Oper.
Theory 11(5), 1077-1093 (2017)

[4] Lounesto, P.: Clifford Algebras and Spinors. Cambridge University Press,
Cambridge, UK (1997)

[5] Shirokov, D.: On grade automorphism and unitary groups in ternary and
generalized Clifford algebras (in preparation).



